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We analyse recent experimental data on the GSI oscillations of the hydrogen–like heavy 142Pm60+
ions that is the time modulation of the K–shell electron capture (EC) decay rate. We follow the mech-
anism of the GSI oscillations, caused by the interference of the neutrino flavour mass–eigenstates in
the content of the electron neutrino. We give arguments that these experimental data show i) an ex-
istence of sterile neutrinos that is necessary for an explanation of a phase–shift, ii) an observation of
CP violation, related to a phase–shift, and iii) an influence of the Quantum Zeno Effect, explaining
different values of the amplitude and phase–shift for two runs of measurements with different time
resolutions and different numbers of consecutive measurements. For new runs of experiments on
the GSI oscillations we propose to measure the EC and bound–state β−–decay rates of the H–like
heavy ions 108Ag46+. These measurements should verify the A–scaling of the periods of the time
modulation, where A is the mass number of the parent ion, and give an important information on
masses of neutrino (antineutrino) mass–eigenstates.
PACS numbers: 12.15.-y, 13.15.+g, 23.40.Bw, 03.65.Xp
I. INTRODUCTION
The measurements of the K–shell electron capture (EC) decays of the hydrogen–like (H–like) heavy ions p→ d+νe,
where p and d are the parent and daughter ions in their ground states and νe is the electron neutrino, at GSI [1–4]
in Darmstadt showed the time modulation of the rates of the number Nd(t) of daughter ions. The experimental data
on the time modulation [1–4] have been fitted by the equation
dNd(t)
dt
= λEC(t)Np(t), (1)
where dNd(t)/dt is the rate of the number of daughter ions d, Np(t) is the number of the parent H–like heavy ions
p in the ground hyperfine state (1s)F= 1
2
,MF=±
1
2
and λEC(t) is the time–dependent EC decay rate in the laboratory
frame, given by
λEC(t) = λEC(1 + a cos(ωt+ φ)). (2)
Here t = 0 corresponds to the moment of the injection of parent ions into the Experimental Storage Ring (ESR),
λEC is the EC decay constant and a, T = 2π/ω and φ are the amplitude, the period and the phase–shift of the
time modulation. The time modulation of the EC decay rates of the H–like heavy ions has been dubbed the “GSI
oscillations” [5].
As theoretical explanation of the GSI oscillations we have proposed the time modulation mechanism, caused by the
interference of the neutrino flavour mass–eigenstates in the final state of the EC decays [5–8]. It is well–known from
theoretical and experimental investigations of the neutrino lepton flavour oscillations [9] that the electron neutrino |νe〉
is a superposition |νe〉 =
∑Nν
j=1 U
∗
ej |νj〉 of the neutrino flavour mass–eigenstates |νj〉 with masses mj, where Uej are
the matrix elements of a Nν ×Nν unitary mixing matrix U of the Nν neutrino flavour mass–eigenstates [9], which are
treated as Dirac particles. As has been shown in [5–8] the time modulation frequency of the EC decay rates of the H–
like heavy ions, calculated in the rest frame of parent ions, is related to the masses of neutrino flavour mass–eigenstates
and the mass of parent ions Mp by ωij = ∆m
2
ij/2Mp, where ∆m
2
ij = m
2
i −m2j and i > j. Since the time modulation
periods, T ≈ (7−6) s, measured for the EC decay rates of the H–like heavy ions 140Pr58+, 142Pm60+ and 122I52+ [1–4],
impose the constraint ∆m2ij ∼ 10−4 eV2, the interferences between the neutrino flavour mass–eigenstates with i > j
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2and i ≥ 3, having ∆m2ij larger compared with 10−3 eV2, should lead to a time modulation with periods by orders of
magnitude smaller compared with the experimental values T ≈ (7 − 6) s. This implies that the time modulation of
the EC decays of the H–like heavy ions 140Pr58+, 142Pm60+ and 122I52+ [1–4] may be induced by the interference of
the neutrino flavour mass–eigenstates |ν1〉 and |ν2〉 with ∆m221, which we call as (∆m221)GSI [5]. The combined value
(∆m221)GSI = 2.19(3)× 10−4 eV2, obtained from the experimental data on the periods of the time modulation of the
EC decays of the H–like heavy ions 140Pr58+, 142Pm60+ and 122I52+ [5], by a factor of 2.9 exceeds the experimental
value (∆m221)KL = 7.59(21)× 10−5 eV2, determined by the KamLAND Collaboration from the electron antineutrino
oscillations ν¯e ←→ ν¯e [10]. However, as has been shown in [8], the neutrino flavour mass–eigenstates can acquire
mass–corrections δmj in the strong Coulomb fields of the daughter ions. These mass–corrections change the masses
of the neutrino flavour mass–eigenstates in the strong Coulomb fields of the daughter ions, i.e. mj → m˜j = mj+ δmj.
This gives (∆m221)GSI = m˜
2
i − m˜2j and allows to explain an increase of (∆m221)GSI with respect to (∆m221)KL [5].
As has been also discussed in [11], the corresponding mass–corrections to the antineutrino flavour mass–eigenstates
should be taken into account for a correct elaboration of the experimental data by the KamLAND Collaboration.
The time modulation mechanism of the EC decays of the H–like heavy ions, proposed in [5–8], explains i) the
suppression of the time modulation of the rates of the β+ decays, i.e. p→ d′ + e++ 6=e, of the H–like heavy ions [12]
and ii) the proportionality of the time modulation period of the EC decay rates to the mass number A of the parent
ions T = 4πMp/(∆m
2
21)GSI ∼ A [1–4], the so–called A–scaling [5]. The suppression of the time modulation of the β+
decay rates of the H–like heavy ions has been observed experimentally in [3, 4] and reported as a preliminary result.
As has been found in [3, 4] the amplitude of the time modulation of the β+–decays a = 0.03(3) is commensurable
with zero in agreement with the results, obtained in [12].
Recently the new experimental data on the rates of the EC decays and on the three–body β+ decays of the H–like
heavy ions 142Pm60+ have been reported in [13]. The suppression of the time modulation of the β+ decay rates of the
H–like heavy ions has been confirmed in high resolution measurements of the EC and β+ decays of the H–like heavy
ions 142Pm60+ with the amplitude of the time modulation a = 0.027(27), agreeing well with the preliminary result
a = 0.03(3) [3, 4].
An other mechanism of the GSI oscillations, proposed by Giunti [14] and Kienert et al. [15], is based on the
assumption of the interference of two closely spaced energy levels of the daughter ions in the ground state. The main
problem of this mechanism is the prediction of the time modulation for the β+ decay rates of the H–like heavy ions
with the same modulation period as the EC decay rates [5, 16]. The explanation of the GSI oscillations by means of
a neutrino magnetic moment, proposed by Gal [17], suffers from the same problem as that by Giunti [14] and Kienert
et al. [15]. In addition these two mechanisms as well as the mechanisms, proposed by Pavlichenkov [18, 19], Krainov
[20], Lambiase et al. [21, 22] and Giacosa and Pagliara [23], do not predict the A–scaling of the periods of the time
modulation T ∼ A, observed in [1, 3, 4] and confirmed in the time modulation mechanism, caused by the interference
of the neutrino flavour mass–eigenstates [5].
Finally we would like to notice that a one–dimensional model of the GSI oscillations, proposed by Lipkin [24–26],
being extended to 3–dimensions, leads to the EC decay rate in the rest frame of parent ions, given by [7]
λEC(t) = λEC(r.f.)
(
1 + sin 2θ (Psup − Psub) sin(ΩLt)
ΩLt
)(
1 +
∑
i>j
2Re[U∗eiUej ] cos(ωijt)
)
, (3)
where λEC(r.f.) is the EC decay constant in the rest frame (r.f.) of parent ions, ωij = ∆m
2
ij/2Mp, ΩL = 2QEC|δ~p |/Mp
and Mp is a mass of parent ions. According to Lipkin [24–26], the GSI oscillations are caused by the incoherent
contributions of the EC decays from a superradiant |p〉sup = cos θ|p(~p+ δ~p )〉+sin θ|p(~p− δ~p )〉 and subradiant |p〉sub =
sin θ|p(~p+ δ~p )〉 − cos θ|p(~p− δ~p )〉 states of a parent ion, where θ is a mixing angle. The superradiant and subradiant
states are formed with probabilities Psup and Psub, respectively, obeying the condition Psup+Psub = 1. If Psup = Psub
the EC decay rate Eq.(3) reduces to ours [5]. For Psup 6= Psub Lipkin’s model predicts unobservable oscillations with
a frequency ΩL = 2QEC|δ~p |/Mp. One can show [7] that the term, oscillating with the frequency ΩL, appears also in
the β+ decay rates of the H–like heavy ions [8]. This contradicts to both the experimental data [3, 4, 13] and our
theoretical analysis [12].
In spite of a certain success of the description of the time modulation in the EC and β+ decays of the H–like
heavy ions by the interference of the neutrino flavour mass–eigenstates, such a mechanism of the GSI oscillations
has been criticised in publications [27–29], where i) the parent and daughter ions have been treated as the nuclei,
unaffected by the measurements, and ii) energy–momentum conservation has been accepted for all decay channels
p → d + νj (j = 1, 2, . . . , Nν) in the EC decay p → d + νe. However, as has been pointed out in [5–7] and shown
recently in [30], energy and 3–momentum in the GSI experiments on the EC decays of the H–like heavy ions are
not conserved in the decay channels p → d + νj (j = 1, 2, . . . , Nν) due to interactions of parent and daughter
ions with the resonant and capacitive pickups in the ESR [30]. Qualitatively the result of such interactions can be
described by the smearing of energy and momentum of daughter ions over the regions δEd ∼ 2π/δtd ∼ 10−13 eV
3and |δ~qd| ∼ (Md/QEC)δEd ∼ 10−9 eV, calculated in the rest frame of parent ions (see section V). Since in the rest
frame of parent ions the differences of energies and 3–momenta of particles in the decay channels p → d + νi and
p→ d+ νj are of order ωij ∼ 2π/T ∼ 10−15 eV and |~ki −~kj | = |~qi − ~qj | ∼ (Md/QEC)ωij ∼ 10−11 eV, such a violation
of the energy–momentum conservation provides i) an overlap of the wave functions of the daughter ions in the decay
channels p→ d+νi and p→ d+νj , causing an overlap of these decay channels, and, as a result, ii) indistinguishability
of the decay channels p→ d+ νj (j = 1, 2, . . . , Nν) in the EC decay p→ d+ νe, which is necessary for the interference
of the neutrino flavour mass–eigenstates [5–7].
In this paper we propose a theoretical analysis of recent experimental data on a time modulation of the EC decay
rates of the H–like heavy ions 142Pm60+. In section II we present shortly the experimental data, given in Table 1 of
Ref. [13]. In section III we show that in the mechanism of the interference of the neutrino flavour mass–eigenstates
a phase–shift of the GSI oscillations can be explained by extending the number of neutrino flavours from Nν = 3
to Nν ≥ 4. For an illustration we set Nν = 4 and show that the neutrino flavour mass–eigenstates |ν1〉 and |ν2〉,
the interference of which is responsible for the observed time modulation, acquire a relative phase δ12, violating CP
invariance. In section IV we show that different values of the amplitude and phase–shift of the time modulation,
measured with time resolutions δtd = 32ms and δtd = 64ms and the number of consecutive measurements N = 1688
and N = 844, can be explained by means of an influence of the Quantum Zeno Effect (QZE). We find the Zeno time as
a function of the number of consecutive measurements N . This allows to obtain the amplitude a and the phase–shift
∆φ = π − φ as functions of the number of consecutive measurements N . In section V we discuss in detail the basic
statements of the quantum field theoretic approach to the GSI oscillations as the interference of the neutrino flavour
mass–eigenstates. In the section VI we discuss the obtained results and analyse the periods of the time modulation of
the EC and bound–state β−–decay rates of the H–like 108Ag46+ heavy ions. These results can be used for new runs of
experiments on the GSI oscillations for the verification of the A–scaling of the periods of the time modulation. They
should be also of great deal of importance for the estimate of the masses of neutrino (antineutrino) mass–eigenstates.
II. RECENT EXPERIMENTAL DATA ON GSI OSCILLATIONS [13]
Recent experimental data on the GSI oscillations, reported in [13] (see Table 1 of Ref.[13]), show the time modulation
of the EC decay rates of the H–like heavy ions 142Pm60+ with i) the period T = 7.11(11) s, the amplitude a = 0.107(24)
and the phase–shift φ = 2.35(48) rad and ii) the period T = 7.12(11) s, the amplitude a = 0.134(27) and the phase–
shift φ = 1.78(44) rad, observed with time resolutions δt = 32ms and δt = 64ms and the number of consecutive
measurements N = 1688 and N = 844, respectively.
III. PHASE–SHIFT OF GSI OSCILLATIONS AS A SIGNAL FOR STERILE NEUTRINOS AND CP
VIOLATION
In the mechanism of the GSI oscillations, caused by the interference of the neutrino flavour mass–eigenstates [5–
8, 30], a phase–shift can appear because of an extension of the 3–flavour structure of neutrinos with a certain leptonic
charge |να〉 =
∑3
j=1 U
∗
αj|νj〉, where Uαj are the matrix elements of the 3 × 3 mixing matrix U [9] and α = e, µ, τ ,
to Nν–flavour structure |να〉 =
∑Nν
j=1 U
∗
αj |νj〉 with Nν ≥ 4, j = 1, 2, 3, . . . , Nν and α = e, µ, τ, . . .. New neutrinos
|νs〉 =
∑Nν
j=1 U
∗
sj |νj〉 with s 6= e, µ, τ are named sterile neutrinos. In order to illustrate an appearance of a phase–shift
in the time modulated term of the EC decay rates we consider below some extensions with Nν = 4.
According to [31, 32], a 4× 4 mixing matrix of the neutrino flavour mass–eigenstates can be defined in two schemes
of an inclusion of sterile neutrino lepton flavours, which are 3 + 1 and 2 + 2 four–family neutrino flavour mixing,
respectively. The 4× 4 mixing matrices are given by [31]
U = U(θ14, 0)U(θ24, 0)U(θ34, 0)U(θ23, δ23)U(θ13, δ13)U(θ12, δ12),
U = U(θ14, 0)U(θ13, 0)U(θ24, 0)U(θ23, δ23)U(θ34, δ34)U(θ12, δ12), (4)
for the 3 + 1 and 2 + 2 four–family neutrino flavour mixing, respectively, and [32]
U = U(θ34, 0)U(θ24, 0)U(θ23, δ23)U(θ14, 0)U(θ13, δ13)U(θ12, δ12) (5)
for the 3+ 1 four–family neutrino flavour mixing. The 4× 4 matrices U(θij , δk) are constructed in analogy with 3× 3
matrices of the three–family neutrino flavour mixing [31, 32], where the phases δij are responsible for CP violation.
Indeed, it is well–known that for neutrino flavour mass–eigenstates, treated as Dirac particles, a Nν × Nν neutrino
4flavour mixing matrix is defined by Nν(Nν − 1)/2 independent mixing angles θij and (Nν − 1)(Nν − 2)/2 independent
phases, violating CP invariance [33].
Since the time modulated term of the EC decay rate is defined by the interference of the neutrino flavour mass–
eigenstates |ν1〉 and |ν2〉, neglecting the contributions of the mixing angles θ13 and θij for i = 1, 2, 3 and j = 4 [34] the
matrix elements Uej of the mixing matrices for the schemes 3+1 and 2+2 are equal to Uej = (cos θ12, sin θ12e
−iδ12 , 0, 0),
where θ12 is a mixing angle between the neutrino flavour mass–eigenstates |ν1〉 and |ν2〉 and δ12 is a CP violating
phase of the wave function of the neutrino flavour mass–eigenstate |ν2〉. It is defined relative to the phases of the
wave functions of the neutrino flavour mass–eigenstates |νj〉 (j = 1, 3, 4). Following then the procedure, expounded
in [5–7], we obtain the EC decay rate of the H–like heavy ions as a function of time, defined in the laboratory frame
(see also section V)
λEC(t) = λEC(1 + a cos(ωt− δ12)), (6)
where λEC and ω are the EC decay constant and frequency of the time modulation in the laboratory frame, related
to the EC decay constant λEC(r.f.) and frequency ω21 of the time modulation in the rest frame of parent ions as
λEC = λEC(r.f.)/γ and ω = ω21/γ, and γ = 1.43 is the Lorentz factor [13]. From the comparison of Eq.(6) with
Eq.(2) we define the phase–shift of a time modulation in terms of δ12. This gives φ = −δ12.
It may be interesting to notice that one more possible signal for an existence of sterile neutrinos is a deficit of reactor
antineutrinos at distances smaller than 100m, observed in [35]. Recently such a deficit of reactor antineutrinos has
been confirmed in [36] for the new world average value τn = 880.1(1.1) s of the neutron lifetime [9]. The theoretical
lifetime of the neutron τn = 879.6(1.1) s, agreeing well with the world average one τn = 880.1(1.1) s, has been recently
calculated in [37].
For further analysis of the experimental data on the GSI oscillations we propose to transcribe Eq.(2), defined in
the laboratory frame, into the form
λEC(τ) = λEC(1 + a cos(ωτ −∆φ)), (7)
where τ = t − π/ω = t − T/2 and ∆φ = π − φ = π + δ12. A change of a time dependence from t to τ = t − T/2,
where T/2 = 3.56(6) s, takes into account that a velocity spread of the injected parent ions has been reduced from
1% up to ∆v/v ≈ 5 × 10−7 during first 3.5 s after the injection into the ESR [13]. For the experimental values of
the phase–shift ∆φ, i.e. ∆φ = 0.79(16) rad and ∆φ = 1.36(34) rad, we have retained 20% and 25% uncertainties
of the phase–shifts φ = 2.35(48) rad and φ = 1.78(44) rad, measured with the number of consecutive measurements
N = 1688 and N = 844, respectively. Since a phase δ12 is not measurable in the neutrino (antineutrino) lepton flavour
oscillation experiments [31, 32], the GSI oscillations give an unprecedented possibility for an observation of such a
phase in the EC decays of the H–like heavy ions.
IV. QUANTUM ZENO EFFECT AND DEPENDENCE OF PARAMETERS OF GSI OSCILLATIONS ON
THE NUMBER OF CONSECUTIVE MEASUREMENTS
The experimental frequencies of the time modulation ω = 0.882(14) s and ω = 0.884(14) s, measured during the
same observation time 54 s with the time resolutions δtd = 32ms and δtd = 64ms and N = 1688 and N = 844
consecutive measurements, respectively, do not show a dependence on the number of consecutive measurements N .
In turn, the experimental data on the amplitude and phase–shift of the time modulation show, in principle, such a
dependence, which we explain below as an influence of the Quantum Zeno Effect (QZE) [38–48].
For a quantum field theoretic analysis of the QZE one has to investigate a behaviour of a survival probability of
an unstable quantum state during short time intervals, which are much smaller than a total observation time. Since
a short time evolution of unstable quantum systems differs from the exponential decay law [38, 39], according to
the QZE, frequent consecutive measurements with short time intervals can prevent from an evolution of an unstable
quantum state. Indeed, let ∆τ be a time interval between two consecutive measurements such as τ = N∆τ , where τ
is a total observation time and N is the number of consecutive measurements. Suppose that a time interval between
two consecutive measurements ∆τ is small enough. In this case a survival probability of an evolution of an unstable
quantum state during a time interval ∆τ may be given by the form [38–48]
P (∆τ) = 1− (∆τ)2/τ2Z , (8)
where τZ is the Zeno time [38–48]. If a time interval ∆τ is smaller compared with the Zeno time, i.e. τZ ≫ ∆τ , an
evolution of an unstable quantum state can be significantly slowed down [47, 48]. In terms of a survival probability
5this can be illustrated as follows. After N consecutive measurements a survival probability of an unstable quantum
state can be defined by [38–48]
PN (∆τ) = (1 − (∆τ)2/τ2Z)N = e−τ
2/Nτ2Z . (9)
In the limit N →∞ a survival probability tends to unity, i.e. an unstable quantum state is left stable after continuous
consecutive measurements, carried out during an observation time τ . This is the QZE [38–48].
In the case of the GSI experiments on the EC decays of the H–like heavy ions the QZE can, in principle, i) lead to
a delay of the EC decays, i.e. to a decrease of the EC decay constants, and ii) prevent from a time modulation of the
EC decay rates, leading to a decrease of the amplitudes and a change of the phase–shifts.
Following [38–48] and using the results, obtained in [49], we analyse, first, an influence of the QZE on the lifetime
of the H–like heavy ions unstable under the EC decays. For this aim we calculate the Zeno time τZ or a time scale
of an influence of frequent consecutive measurements on the lifetime of the H–like heavy ions, caused by the EC
decays. Skipping intermediate calculations we give the result. For example, for the H–like heavy ions 142Pm60+
the Zeno time is equal to τZ =
√
3π/λECQEC =
√
3πγ/λEC(r.f.)QEC = 6.01 × 10−10 s, where QEC = 4.817MeV
and λEC(r.f.) = 0.0051(1) s
−1 are the Q–value and the EC constant of the H–like heavy ions 142Pm60+ [50]. Thus,
in order to observe a delay of the EC decays of the H–like heavy ions 142Pm60+, i.e. a decrease of the EC decay
constant λEC as a consequence of frequent consecutive measurements, a time interval ∆τ between two consecutive
measurements should be smaller compared to the Zeno time, i.e. τZ ≫ ∆τ . Since measurements of the EC decays of
the H–like heavy ions with time intervals ∆τ ≪ τZ = 6.01 × 10−10 s are unreal, an influence of frequent consecutive
measurements on the value of the EC decay constant of the H–like heavy ions 142Pm60+ can be neglected.
For time intervals ∆τ , which are commensurable with time resolutions of the GSI experiments, we define a survival
probability of parent ions during a time interval ∆τ = τ/N as follows [42–46]
P (∆τ) = 1− λ(∆τ)∆τ. (10)
After N consecutive measurements a survival probability is given by
PN (∆τ) = (1 − λ(∆τ)∆τ)N = e−λ(τ/N)τ . (11)
In the limit N →∞ we arrive at the exponential decay law
P (τ) = lim
N→∞
PN (∆τ) = lim
N→∞
e−λ(τ/N)τ = e−λ(0)τ , (12)
where λ(0) = limN→∞ λ(τ/N). In order to confirm our assertion that frequent consecutive measurements do not
delay the EC decays of the H–like heavy ions we have to show that λ(0) = λEC. However, it is important to notice
that a linear dependence of the exponent of a survival probability Eq.(12) on the observation time τ , obtained in the
limit of infinite number of consecutive measurements, implies a suppression of a time modulation.
In order to obtain a relation between λ(0) and the EC decay constant λEC we use Eq.(7). This gives
λ(∆τ) =
1
∆τ
∫ ∆τ
0
λEC(τ
′ )dτ ′ = λEC(1 + a cos(∆φ)) + ∆τ
1
2
a λEC ω sin(∆φ) =
= λEC(1 + a cos(∆φ)) +
τ
N
1
2
a λEC ω sin(∆φ). (13)
Taking the limit N →∞ we arrive at the relation
λ(0) = λEC(1 + a cos(∆φ)). (14)
It is seen that the constant λ(0) coincides with the EC decay constant λEC if the amplitude of a time modulation a
vanishes in the limit N →∞.
In order to find the amplitude and phase–shift of a time modulation as functions of a number of consecutive mea-
surements N we have to calculate the Zeno time or a time scale of an influence of frequent consecutive measurements
on the amplitude and phase–shift of the GSI oscillations. For this aim we follow [46] and define the required Zeno
time as follows
τ
(a)
Z =
√
1/λ′(∆τ)|∆τ=0 =
√
2/a λEC ω sin(∆φ) =
√
2γ/a λEC(r.f.)ω sin(∆φ), (15)
where λ′(∆τ) is a derivative of λ(∆τ) with respect to ∆τ . Using the experimental data λEC(r.f.) = 0.0051(1) s
−1
[50], ω = 0.884(14) s−1 (or ω = 0.882(14) s−1) and γ = 1.43 we calculate the Zeno time
τ
(a)
Z = 25.20(32)/
√
a sin(∆φ) s. (16)
6This is a time scale of an influence of frequent consecutive measurements on the amplitude and phase–shift of the
GSI oscillations. For the experimental values of the amplitudes a1 = 0.107(24) and a2 = 0.134(27) and the phase–
shifts ∆φ1 = 0.79(16) rad and ∆φ2 = 1.36(34) rad, measured during the same observation time 54 s with the time
resolutions δtd = 32ms and δtd = 64ms, respectively, we calculate the Zeno times τ
(a1)
Z = 82(10) s and τ
(a2)
Z = 78(10) s,
respectively. One may see that the Zeno times are much larger than the time resolutions τ
(a)
Z ≫ δtd and commensurable
with the observation time 54 s [13]. This implies a strong influence of the QZE on the values of the amplitude and
phase–shift of a time modulation.
As a first step to the definition of the Zeno time, the amplitude and the phase–shift of the GSI oscillations as
functions of the number of consecutive measurements N we set
τ
(a)
Z = 13.6(1.1)N
1/4 s. (17)
For N = 1688 and N = 844 we obtain τ
(a)
Z = 87(7) s and τ
(a)
Z = 73(6) s, which agree well with the values τ
(a1)
Z =
82(10) s and τ
(a2)
Z = 78(10) s.
Substituting Eq.(17) into Eq.(16) we define the product a sin(∆φ) as a function of the number of consecutive
measurements
a sin(∆φ) = 3.43(56)/
√
N. (18)
For N = 1688 and N = 844 we get a sin(∆φ) = 0.083(14) and a sin(∆φ) = 0.118(19), which agree well with the
experimental values a sin(∆φ) = 0.076(21) and a sin(∆φ) = 0.131(28), respectively.
Using the experimental data on the phase–shifts and averaging over two experimental values we obtain the amplitude
of a time modulation as a function of N
a = 4.17(64)/
√
N. (19)
The amplitudes of a time modulation a = 0.102(16) and a = 0.144(22), calculated for N = 1688 and N = 844, agree
well with the experimental values a = 0.107(24) and a = 0.134(27), respectively. For the phase–shift ∆φ we find the
following dependence on the number of consecutive measurements
∆φ = 2π × 47.5(7.7)/N4/5. (20)
For N = 1688 and N = 844 the function Eq.(20) gives ∆φ = 0.78(13) rad and ∆φ = 1.36(22) rad, which fit well the
experimental data.
In the limit N →∞ the amplitude a and phase–shift ∆φ vanish, giving φ→ π. This suppresses a time modulation
of the EC decay rates and corroborates the equality λ(0) = λEC, implying that the QZE does not affect the lifetime
of the H–like heavy ions.
Using the functions Eq.(19) and Eq.(20) we may correct the dependence of the Zeno time t
(a)
Z on the number of
consecutive measurements. For sufficiently large N in comparison to N = 1688 and N = 844 we obtain
τ
(a)
Z = 0.72(9)N
0.65 s. (21)
In turn, for N = 1688 and N = 844 we get τ
(a1)
Z = 90(10) s and τ
(a2)
Z = 60(8) s, which do not contradict to the values
τ
(a1)
Z = 82(10) s and τ
(a2)
Z = 78(10) s, respectively.
Finally we would like to notice that the amplitude and phase–shift of a time modulation, obtained with the number
of consecutive measurements N = 1688 and N = 844, agree within one standard deviation. In spite of this fact
we assume that they are affected by the QZE and define them as some functions of the number of consecutive
measurements N , vanishing in the limit of the infinite number of consecutive measurements and suppressing a time
modulation as it is required by the QZE.
V. QUANTUM FIELD THEORETIC ANALYSIS OF GSI OSCILLATIONS
A description of the electron neutrino |νe〉 as a superposition of the neutrino flavour mass–eigenstates |νj〉 with
masses mj , i.e. |νe〉 =
∑Nν
j=1 U
∗
ej |νj〉, where Nν is the number of neutrino flavours, implies an existence of Nν decay
channels p → d + νj in the EC decay p → d + νe. An indistinguishability of the decay channels p → d + νj
(j = 1, 2, . . . , Nν) in the EC decay p → d + νe, which is the necessary condition of an interference of the neutrino
flavour mass–eigenstates |νj〉, requires an overlap of them. An overlap between the decay channels p → d + νj
7(j = 1, 2, . . . , Nν) may occur only if energies and 3–momenta of the daughter ions are smeared with energy δEd and
3–momentum |δ~qd| uncertainties, which are larger compared with the differences of energies and 3–momenta of the
neutrino flavour mass–eigenstates and daughter ions, produced in two decay channels p → d + νi and p → d + νj .
Since energy δEd and 3–momentum |δ~qd| uncertainties lead to a violation of energy–momentum conservation in the
decay channels p → d + νj (j = 1, 2, . . . , Nν) with accuracies δEd and |δ~qd|, a non–conservation of energy and 3–
momentum in the decay channels p → d + νj (j = 1, 2, . . . , Nν) is the sufficient condition of the appearance of an
interference between the neutrino flavour mass–eigenstates |νj〉 in the rate of the EC decay p→ d+νe. In other words,
a violation of energy–momentum conservation should guarantee that an overlap of the decay channels p → d + νj
(j = 1, 2, . . . , Nν), as the necessary condition of an interference of the neutrino flavour mass–eigenstates, may be
fulfilled. Of course, energy δEd and 3–momentum |δ~qd| uncertainties should not violate the Fermi Golden Rule. Such
a requirement is fulfilled if δEd and |δ~qd| obey the constraints δEd ≪ Td = Q2EC/2Md and |δ~qd| ≪ QEC, where QEC is
the Q–value of the EC decay and Td = Q
2
EC/2Md is a kinetic energy of the daughter ions [5–7]. As has been shown in
[30] a required violation of energy and momentum in the EC decays of the GSI experiments occurs due to interactions
of ions with the measuring apparatus, i.e. the resonant and capacitive pickups in the ESR.
Since the origin of energy δEd and 3–momentum |δ~qd| uncertainties in the GSI experiments is the detection of the
daughter ions with a time resolution δtd, we have to check that the uncertainties δEd and |δ~qd| satisfy the constraints
necessary for the appearance of the interference of the neutrino flavour mass–eigenstates. For quantitative analysis
of the required overlap of the decay channels p → d + νj (j = 1, 2, . . . , Nν) and violation of energy–momentum
conservation we use i) energy and 3–momentum differences of the neutrino flavour mass–eigenstates and daughter
ions from two decay channels p → d + νi and p → d + νj , defined by ωij = Ei(~ki) − Ej(~kj) = Ed(~qj) − Ed(~qi)
and |~ki − ~kj | = |~qi − ~qj |, where (Ej(~kj), ~kj) and (Ed(~qj), ~qj) are the energies and 3–momenta of the neutrino flavour
mass–eigenstate |νj〉 and the daughter ion d in the decay channel p → d + νj , and ii) energy δEd and 3–momentum
|δ~qd| uncertainties, induced by the detection of the daughter ions with a time resolution δtd. If δEd ≫ ωij =
Ei(~ki)−Ej(~kj) = Ed(~qj)−Ed(~qi) and |δ~qd| ≫ |~ki−~kj | = |~qi− ~qj | the decay channels p→ d+ νj (j = 1, 2, . . . , Nν) in
the EC decay p→ d+ νe should be indistinguishable. Such an indistinguishability leads to the interference between
the decay channels without violation of the Fermi Golden Rule if δEd ≪ Td = Q2EC/2Md and |δ~qd| ≪ QEC. This is
the basis of the mechanism of the GSI oscillations, caused by an interference of the neutrino flavour mass–eigenstates
[5–8, 30]
In the rest frame of parent ions the kinematics of particles in the EC decay channels p→ d+ νj (j = 1, 2, . . . , Nν)
is given by the relations: kp(Mp,~0 ) = kd(Ed(~qj), ~qj) + kj(Ej(~kj), ~kj). The energies and 3–momenta of neutrino
mass–eigenstates and the daughter ions are defined by
Ej(~kj) = (M
2
p −M2d +m2j)/2Mp , Ed(~qj) = (M2p +M2d −m2j)/2Mp (22)
and ~qj = −~kj . The differences ωij between energies of the neutrino flavour mass–eigenstates and daughter ions of two
decay channels p→ d+ νi and p→ d+ νj are equal to
ωij = Ei(~ki)− Ej(~kj) = Ed(~qj)− Ed(~qi) = ∆m2ij/2Mp, (23)
where ∆m2ij = m
2
i − m2j . Since the neutrino flavour mass–eigenstates |νj〉 are not detected, they move away from
daughter ions with energies Ej(~kj) and 3–momenta ~kj . In principle, because of energy and 3–momentum conservation
the daughter ions, produced in the decay channel p → d + νj , should go away with energies Ed(~qj) and 3-momenta
~qj = −~kj . If it is so, one is able to distinguish a decay channel p→ d+ νi from a decay channel p→ d+ νj with i 6= j.
In this case there are no interferences between decay channels p→ d+ νi and p→ d+ νj and, correspondingly, a time
modulation of the EC decay rate or of the rate of the number of daughter ions, caused by the EC decays. However,
as has been pointed out in [5–7] and shown in [30] such a kinematics is not the case for the GSI experiments.
Indeed, because of the detection with a time resolution δtd energies and 3–momenta of daughter ions, produced
in the decay channels p → d + νj (j = 1, 2, . . . , Nν), are smeared with δEd ∼ 2π/δtd and |δ~qd| ∼ (Md/QEC) δEd
[5–7]. For example, for the EC decays of the H–like heavy ions 142Pm60+ we get δEd ∼ 2π/δtd ∼ 10−13 eV and
|δ~qd| ∼ (Md/QEC) δEd ∼ 10−9 eV, whereQEC = 4.817MeV is theQ–value of the EC decay 142Pm60+ → 142Nd60++νe,
Md is the daughter ion mass and δtd = 32ms and δtd = 64ms are the time resolutions of the GSI experiments [13].
For the experimental value of the time modulation period T ≃ 7 s the differences of energies of the neutrino mass–
eigenstates and of the daughter ions of the decay channels p→ d+νi and p→ d+νj are of order ωij ∼ 2π/T ∼ 10−15 eV.
In turn, the differences of 3–momenta of the neutrino flavour mass–eigenstates and of the daughter ions of the decay
channels p→ d+νi and p→ d+νj are of order |~ki−~kj| = |~qi−~qj| ≈ (Md/QEC) (2π/T ) ∼ 10−11 eV. Since δEd ≫ ωij
and |δ~qd| ≫ |~ki−~kj | = |~qi−~qj |, in the GSI experiments on the EC decays of the H–like heavy ions i) energy–momentum
conservation is violated with accuracies δEd ∼ 10−13 eV and |δ~qd| ∼ 10−9 eV, respectively, and ii) the decay channels
8p→ d+ νi and p→ d+ νj are indistinguishable. This means that the daughter ions, produced in the decay channels
p→ d+ νj (j = 1, 2, . . . , Nν), are not detected with 3–momenta ~qj and energies Ed(~qj) but they are detected with a
3–momentum ~q and an energy Ed(~q ), obeying the constraints |δ~qd| ≫ |~qj − ~q | and δEd ≫ |Ed(~qj) − Ed(~q )|. Thus,
in the GSI experiments on the EC decays of the H–like heavy ions the necessary and sufficient conditions for the
interference of the neutrino flavour mass–eigenstates are fulfilled and one may expect the appearance of the time
modulation of the EC decay rates [30].
As has been shown in [5], the amplitude of the EC decay p → d + νe, calculated with the ε–regularisation in the
rest frame of parent ions within a time dependent perturbation theory [51], takes the form
A(p→ d νe)(t) = − δMF ,− 12 2
√
3
√
MpEd(~q )MGT 〈ψ(Z)1s 〉
∑
j
Uej
√
Ej(~kj)
e i(∆Ej−iε)t
∆Ej − iε Φd(
~kj + ~q ), (24)
where ∆Ej = Ed(~q ) + Ej(~kj) −Mp is the difference of energies of the final and initial state in the decay channel
p → d + νj (j = 1, 2, . . . , Nν) with a daughter ion, detected with a time resolution δtd and described by the wave
function Φd(~kj + ~q ), taken in the form of the wave packet and localised around ~kj + ~q ≈ 0 with an accuracy of about
|δ~qd| ∼ 10−9 eV. Then,MGT is a nuclear matrix element of the Gamow–Teller transition 142Pm60+ → 142Nd60+ and
〈ψ(Z)1s 〉 is an average value of the Dirac wave function of the electron in the ground state of the H–like parent ion
142Pm60+ [49, 52]. The Kronecker symbol δMF ,− 12 implies that in the rest frame and with the spin quantisation axis
anti–parallel to the neutrino 3–momentum parent ions are unstable under the EC decay in the hyperfine state 1sF,MF
with F = 1/2 and MF = −1/2 only. The EC decay probability per unit time is [6]
P (p→ d νe)(t) = d
dt
|A(p→ d νe)(t)|2, (25)
where we have denoted [5]
d
dt
|A(p→ d νe)(t)|2 = lim
ε→0
d
dt
1
2
∑
MF
|A(p→ d νe)(t)|2 = 6MpEd(~q )|MGT|2 |〈ψ(Z)1s 〉|2
{ Nν∑
j=1
|Uej |2Ej(~kj) 2π δ(∆Ej)
× |Φd(~kj + ~q )|2 +
∑
ℓ>j
|Ueℓ||Uej |
√
Eℓ(~kℓ)Ej(~kj)|Φd(~kℓ + ~q )||Φd(~kj + ~q )|
(
2πδ(∆Eℓ) + 2πδ(∆Ej)
)
cos(ωℓjt+ φℓj)
}
(26)
with ωℓj = ∆m
2
ℓj/2Mp and φℓj = argUeℓ − argUej . We would like to note that before we take the limit ε → 0 we
obtain the time modulated terms proportional to cos((∆Eℓ−∆Ej)t+φℓj) = cos((Eℓ(~kℓ)−Ej(~kj))t+φℓj). After the
use of Eq.(23) the time modulated terms become proportional to cos(ωℓjt + φℓj). Then, taking the limit ε → 0 we
arrive at Eq.(26).
It is well–known that the matrix elements of the mixing matrix may undergo phase transformations Ueℓ →
e−iβeUeℓe
+iαℓ [53]. It is obvious that the observables should be invariant under such transformations [53]. Since
the decay rate Eq.(26) is an observable quantity, it should be invariant under phase transformations of the matrix
elements of the mixing matrix. One may see that the time independent term of Eq.(26) is invariant under the phase
transformations Ueℓ → e−iβeUeℓe+iαℓ . In order to show that the time modulated term is also invariant quantity we
propose to rewrite it as follows
∑
ℓ>j
|Ueℓ||Uej |
√
Eℓ(~kℓ)Ej(~kj)|Φd(~kℓ + ~q )||Φd(~kj + ~q )|
(
2πδ(∆Eℓ) + 2πδ(∆Ej)
)
cos(ωℓjt+ φℓj) =
=
∑
ℓ>j
Re
(
UeℓU
∗
ejΦd(
~kℓ + ~q )Φ
∗
d(
~kj + ~q ) e
iωℓjt
)(
2πδ(∆Eℓ) + 2πδ(∆Ej)
)
. (27)
Making the phase transformations of the matrix elements of the mixing matrix Ueℓ → e−iβeUeℓe+iαℓ and U∗ej →
e+iβeU∗eje
−iαj and the phase transformations of the wave functions of the daughter ions Φd(~kℓ+~q )→ Φd(~kℓ+~q ) e−iαℓ
and Φ∗d(
~kj + ~q )→ Φd(~kj + ~q ) e+iαj we leave the time modulated term unchanged.
For the calculation of the EC decay rate we have to integrate P (p→ d νe) over the phase–volume of the final states
of the decays p→ d+ νj (j = 1, 2, . . . , Nν). For this aim we set zero masses of the neutrino flavour mass–eigenstates
everywhere in comparison to the Q–value of the EC decay, i.e. Ei(~ki) ≃ |~ki| and Ej(~kj) ≃ |~kj |. Then, due to the
9relations |~ki − ~kj | ∼ 10−11 eV and |δ~qd| ≫ |~ki − ~kj |, we may set ~ki ≈ ~kj ≈ ~k as |δ~qd| ≫ |~kj − ~k | (j = 1, 2, . . . , Nν)
[5–7]. This gives [5–7]
λEC(t) =
1
2MpV
∫
P (p→ d νe)(t) d
3q
(2π)32Ed
d3k
(2π)32Eν
= λEC(r.f.)
(
1 + 2
∑
ℓ>j
|Ueℓ||Uej | cos(ωℓjt+ φℓj)
)
, (28)
where V is a normalisation volume [5]. For the estimate of ∆m2ℓj with ℓ 6= j we have to take into account that the
frequencies ω = 0.882(14) s−1 and ω = 0.884(14) s−1 have been measured in the laboratory frame, where parent ions
move with a velocity v = 0.71 and the Lorentz factor γ = 1.43 [1, 13]. This gives ∆m2ij = 4πγMp/T ≃ 2.20×10−4 eV2
[5]. Since ∆m23j ∼ 10−3 eV2 for j = 1, 2 and ∆m24j ∼ 1 eV2 for j = 1, 2, 3 [9], for the explanation of the experimental
period T ≈ 7 s of a time modulation one may take into account the interference between the neutrino flavour mass–
eigenstates |ν1〉 and |ν2〉 only.
The value ∆m221 ≈ 2.20 × 10−4 eV2, which has been named in [5] as (∆m221)GSI ≈ 2.20 × 10−4 eV2, is 2.9 times
larger than that reported by the KamLAND (∆m221)KL = 7.59(21)× 10−5 eV2 [10]. The solution of this problem in
terms of mass–corrections δmj to masses of the neutrino flavour mass–eigenstates |νj〉, i.e. mj → m˜j = mj + δmj ,
has been proposed in [8] and discussed in [5] (see section I).
VI. CONCLUSIVE DISCUSSION
We have proposed a theoretical analysis of recent experimental data on the GSI oscillations [13]. The new runs of
measurements of the EC and β+ decays of the H–like heavy 142Pm60+ ions have fully confirmed the results, reported
earlier in [1–4]. The new experimental data have shown the time modulation with the period T ≈ 7 s of the rate of
the number of daughter ions, produced in the EC decays, and have confirmed the absence of the time modulation of
the rate of the number of daughter ions, produced in the β+ decays. A suppression of the time modulation of the
rate of the number of daughter ions from the β+ decays is a strong argument [12] in favour of the mechanism of the
time modulation of the rates of the number of daughter ions from the EC decays as the interference of the neutrino
flavour mass–eigenstates |νj〉 in the content of the electron neutrino |νe〉 =
∑Nν
j U
∗
ej |νj〉, proposed in [5–8].
The new experimental data, obtained with the better time resolutions δtd = 32ms and δtd = 64ms, have shown a
dependence of the amplitude and phase–shift of the time modulation on the number of consecutive measurements N .
Such a dependence we have explained assuming an influence of the Quantum Zeno Effect (QZE). We have shown that
the influence of the QZE on the delay of the EC decays (or on the EC decay constant λEC) of the H–like heavy ions
can be neglected. In turn, the amplitude and phase–shift of the time modulation are strongly affected by the QZE. We
have found that the amplitude a and the phase–shift ∆φπ−φ depend on the number of consecutive measurements as
a = 4.17(64)/
√
N and ∆φ = 2π× 47.5(7.7)/N4/5, which fit well the experimental data (see section IV) and vanish in
the limit N →∞, suppressing a time modulation of the EC decay rates without influence on the EC decay constant
λEC.
Of course, one may object against the influence of the QZE on the amplitude and phase–shift of the GSI oscilla-
tions, since the experimental data on the amplitude and phase–shift of the GSI oscillations, measured with the time
resolutions δtd = 32ms and δtd = 64ms and the number of consecutive measurements N = 1688 and N = 844, are
commensurable within experimental uncertainties. Hence, for a confirmation of our analysis of the dependence of the
amplitude and phase–shift of the GSI oscillations on the number of consecutive measurements, i.e. the influence of the
QZE, it should be important to perform new runs of measurements with time resolutions δtd = 16ms, δtd = 32ms,
δtd = 64ms and δtd = 128ms during the same observation time.
The mechanism of GSI oscillations, caused by the interference of the neutrino flavour mass–eigenstates, allows to
explain the phase–shift of the time modulation by means of an extension of the number of neutrino flavours from
Nν = 3 to Nν ≥ 4, assuming an existence of so–called sterile neutrinos. For an illustration we have considered the
case with Nν = 4. We have shown that the known schemes of an inclusion of sterile neutrinos, i.e. (3 + 1) and
(2+2) schemes, lead to an appearance of a phase–shift φ = −δ12 of a time modulation of the EC decays of the H–like
heavy ions, where δ12 is a phase of the wave function of the neutrino flavour mass–eigenstate |ν2〉, defined relative to
the phases of the wave functions of other neutrino flavour mass–eigenstates |νj〉 (j = 1, 3, . . . , Nν). The important
property of δ12 is to violate CP invariance. It is remarkable that in the considered schemes of an inclusion of sterile
neutrinos a phase δ12 does not appear in the probabilities of the neutrino lepton flavour oscillations να ←→ νβ. This
means that the experiments on the GSI oscillations give unprecedented possibilities for an observation of such a phase,
implying also an extension of the number of neutrino flavour mass–eigenstates from Nν = 3 to Nν ≥ 4. We would
like also to note that a so–called reactor antineutrino flux anomaly [35] (see also [36]) may serve as one more hint on
a low–energy confirmation of an existence of sterile neutrinos. For recent analysis of sterile neutrinos and estimates
of ∆m24j we refer to the paper by Martini et al. [54].
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We have given a quantum field theoretic derivation of the EC decay rate of the H–like heavy ions with the time
modulation, published in [5–7]. We have discussed in more detail the necessary and sufficient conditions for the
appearance of the interference of the neutrino flavour mass–eigenstates. We have accentuated that the necessary and
sufficient conditions of this effect are related to i) an overlap of the decay channels p → d + νj (j = 1, 2, . . . , Nν) in
the EC decay p → d + νe and ii) a violation of energy–momentum conservation in the decay channels p → d + νj
(j = 1, 2, . . . , Nν), caused by a detection of the daughter ions with a time resolution δtd. Such a detection introduces
energy δEd ∼ 2π/δtd ∼ 10−13 eV and 3–momentum |δ~qd| ∼ (Md/QEC) δEd ∼ 10−9 eV uncertainties, which are larger
compared with the differences of energies δEd ≫ ωij ∼ 2π/T ∼ 10−15 eV and of 3–momenta |δ~qd| ≫ |~ki − ~kj | =
|~qi−~qj| ∼ 10−11 eV of the neutrino flavour mass–eigenstates and of the daughter ions, produced in the decay channels
p→ d+ νi and p→ d+ νj . As result, the daughter ions are detected with an average 3–momentum ~q and an energy
Ed(~q ). This makes the decay channels p → d+ νi and p→ d + νj experimentally indistinguishable in the EC decay
p→ d+ νe.
According to quantum mechanical principle of superposition [51], indistinguishability of the decay channels p →
d + νj (j = 1, 2, . . . , Nν) allows to calculate the amplitude of the EC decay p → d + νe as a superposition of the
amplitudes of the decays p→ d+ νj (j = 1, 2, . . . , Nν), multiplied by the matrix elements Uej of the Nν ×Nν mixing
matrix U , where |Uej |2 defines the weight of the neutrino flavour mass–eigenstate |νj〉 in the content of the electron
neutrino |νe〉 =
∑Nν
j=1 U
∗
ej |νj〉. The time modulated EC decay rates can be calculated setting Ej(~kj) ≈ Eν = |~k |
as dynamical masses m˜j of the neutrino mass–eigenstates are much smaller than the Q–values of the EC decays,
i.e. QEC ≫ m˜j . Because of fulfilment of inequalities |δ~qd| ≫ |~kj − ~k | ∼ |~k + ~q |, δEd ≫ |Ej(~kj) − Eν | and
δEd ≫ |Mp−Ed(~q )−Eν | any deviations from the Fermi Golden Rule cannot be practically observable experimentally.
We would like to emphasise that the authors [27–29], criticising the mechanism of the time modulation of the EC
decay rates, caused by the interference of the neutrino flavour mass–eigenstates, did not take into account that fact that
parent and daughter ions interact with the measuring apparatus, i.e. the resonant and capacitive pickups in the ESR,
and such interactions lead to violation of energy and momentum in the EC decays in the GSI experiments. Assuming
energy–momentum conservation in the decay channels p→ d+ νj (j = 1, 2, . . . , Nν) they came to the conclusion that
the mechanism of the interference of the neutrino flavour mass–eigenstates cannot be used for the explanation of the
GSI oscillations. This is not a surprise, since dealing with kinematics ~qj = −~kj and Mp = Ed(~qj) + Ej(~kj) for the
decay channels p → d+ νj (j = 1, 2, . . . , Nν), one is doomed to show the absence of the time modulation, caused by
the interference of the neutrino flavour mass–eigenstates |νj〉 (j = 1, 2, . . . , Nν) of the EC decay p→ d+ νe.
We would like also to mention our assertion that the orthogonality of the wave functions of the final states 〈dνi|dνj〉 ∼
δij in the decay channels p → d + νi and p → d + νj has no influence on the suppression of the time modulation as
the interference of neutrino flavour mass–eigenstates [5–7], has been recently confirmed by Murray Peshkin within his
simple two–channel model [55], invented for the analysis of our mechanism of the GSI oscillations as the interference
of the neutrino flavour mass–eigenstates (see also [30]).
For the further verification of the A–scaling of the periods of the time modulation of the H–like heavy ions in the GSI
experiments and the estimate of masses of neutrino (antineutrino) mass–eigenstates we propose to measure the weak
decays of the H–like 108Ag46+. In the ground state the odd–odd nucleus 108Ag47+ with quantum numbers Iπ = 1+
has the unique feature of decaying as neutral atom with a halflife time of T1/2 = 2.37(1)m [56] with the three–body
and two–body decay branches 97.15% and 2.85% [56], respectively. The H–like ions 108Ag46+ are unstable under
i) the EC decay 108Ag46+ → 108Pd46+ + νe, ii) the bound–state β−–decay 108Ag46+ → 108Cd46+ + ν˜e and iii) the
β−–decay 108Ag46+ → 108Cd47+ + e− + ν˜e. Storing H-like 108Ag46+ ions in the ESR of heavy ions one may study
then a time modulation of the EC and bound-state β−–decays from the same parent H–like ion and thus compare the
properties of mixed massive neutrino and antineutrino flavour mass–eigenstates, emitted in these decays, respectively,
directly in a CPT type of test.
Following [12] we predict that the rates of the β−–decay 108Ag46+ → 108Cd47+ + e− + ν˜e should not show a time
modulation, whereas the EC and bound–state β−–decay rates should have a periodic time dependence with periods
TEC and Tβb , respectively. Following [5]–[11] we predict that for H–like ions
108Ag46+, moving with the Lorentz factor
γ = 1.43, the period of the time modulation of the EC decay rate 108Ag46+ → 108Pd46+ + νe should be equal to
TEC =
4πγMp
(∆m221)GSI
≃ A
20
= 5.4 s, (29)
where (∆m221)GSI = (m2 + δm2)
2 − (m1 + δm1)2. Here m2 and m1 are bare neutrino masses and δm2 and δm1
are the mass–corrections, caused by polarisation νj →
∑
ℓ ℓ
−W+ → νj of the neutrino flavour mass–eigenstates νj
in the strong Coulomb field of the daughter ion 108Pd46+ (see Table I) [5, 8, 11]. For the bound–state β−–decay
108Ag46+ → 108Cd46+ + ν˜e we predict the period of the decay rate modulation equal to
Tβb =
4πγMp
(∆m¯221)GSI
=
(∆m221)GSI
(∆m¯221)GSI
TEC, (30)
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where (∆m¯221)GSI = (m¯2+ δm¯2)
2− (m¯1+ δm¯1)2 is the difference of the squared dynamical masses of the antineutrino
flavour mass–eigenstates, emitted in the bound–state β−–decay 108Ag46+ → 108Cd47+ + e− + ν˜e as constituents of
the electron antineutrino |ν¯e〉 =
∑Nν
j=1 Uej |ν¯j〉. Then, m¯j for j = 1, 2 are bare masses of the antineutrino flavour
mass–eigenstates |ν¯j〉. In case of CPT invariance we may set m¯j = mj for j = 1, 2. The mass–corrections δm¯j for
j = 1, 2, caused by polarisations of the antineutrino flavour mass–eigenstates ν¯j →
∑
ℓ¯ ℓ¯W
− → ν¯j in the strong
Coulomb field of the daughter ions 108Cd47+, are given in Table. I.
AXZ+ 104 δm¯1/δm1 (eV) 10
4 δm¯2/δm2 (eV)
108Cd47+/108Pd46+ +8.055/ − 7.253 + 4.589/ − 4.136
TABLE I: Numerical values of mass–corrections for the antineutrino and neutrino flavour masses–eigenstates in the strong
Coulomb field of daughter nuclei 108Cd47+ and 108Pd46+, calculated for R = 1.1× A1/3 [8, 11].
Using the masses m1 = 0.01345 eV and m2 = 0.01991 eV of the neutrino flavour mass–eigenstates, calculated in
[11] from the experimental data on the GSI oscillations of the H–like 142Pm60+, 140Pr59+ and 122I52+ heavy ions, for
(∆m221)GSI in the period of the EC decay rate of
108Ag46+ we obtain (∆m221)GSI = 2.18× 10−4 eV2. This agrees well
with the values (∆m221)GS, extracted from the periods of the EC decays of
142Pm60+, 140Pr59+ and 122I52+ heavy ions
[5]. In turn, for (∆m¯221)GSI we get (∆m¯
2
21)GSI = 2.12×10−4 eV2. This gives the modulation period of the bound–state
β−–decay rate equal to Tβb ≃ 5.6 s. A deviation from Tβb ≃ 5.6 s should testify a violation of CPT invariance. The
frequencies of the time modulation of the EC and bound–state β−–decay rates are ωEC = 2π/TEC = 1.164 rad/s and
ωβb = 2π/Tβb = 1.122 rad/s, respectively.
VII. ACKNOWLEDGEMENT
One of us (A. N. I.) is grateful to Murray Peshkin for calling attention to his paper [55] and to Roman Ho¨llwieser
and Markus Wellenzohn for numerical calculation of the neutrino (antineutrino) mass–corrections in the EC and
bound–state β− decay of the H–like 108Ag46+ heavy ions. This work was supported by the Austrian “Fonds zur
Fo¨rderung der Wissenschaftlichen Forschung” (FWF) under the contract I862-N20.
[1] Yu. A. Litvinov et al., Phys. Lett. B 664, 162 (2008).
[2] N. Winckler et al., GSI Annual report 2008.
[3] P. Kienle, Nucl. Phys. A 827, 510c (2009); J. Phys.: Conf. Ser. 171, 012065 (2009).
[4] P. Kienle, Prog. Part. Nucl. Phys. 64, 439 (2010); J. Phys. Conf. Ser. 267, 012056 (2011).
[5] A. N. Ivanov and P. Kienle, Phys. Rev. Lett. 103, 062502 (2009).
[6] A. N. Ivanov and P. Kienle, Phys. Rev. Lett. 104, 159202 (2010).
[7] A. N. Ivanov and P. Kienle, Phys. Rev. Lett. 104, 159204 (2010).
[8] A. N. Ivanov et al., EJTP 6, 97 (2009); arXive: 0804.1311 [nucl–th].
[9] J. Beringer et al. (Particle Data Group), Phys. Rev. D 8
¯
6, 010001 (2012).
[10] S. Abe et al., Phys. Rev. Lett. 100, 221803 (2008).
[11] R. Ho¨llwieser et al., arXiv: 1102.2519 [nucl-th].
[12] A. N. Ivanov et al., Phys. Rev. Lett. 101, 182501 (2008).
[13] P. Kienle et al., Phys. Lett. B 726, 638 (2013).
[14] C. Giunti, Phys. Lett. B 665, 92 (2008).
[15] H. Kienert et al., J. Phys. Conf. Ser. 136, 022049 (2008).
[16] M. Faber et al., Research Letters in Physics, Vol.2009,
Article ID 524957, doi:10.1155/2009/524957.
[17] A. Gal, Nucl. Phys. A 842, 102 (2010), arXiv:0809.1213 [nucl-th]; arXiv:1302.2834 [nucl-th].
[18] I. M. Pavlichenkov, EPL 85, 40008 (2008).
[19] I. M. Pavlichenkov, Phys. Rev. C 81, 051602 (2010).
[20] V. P. Krainov, J. Exp. and Theor. Phys. 115, 68 (2012).
[21] G. Lambiase, G. Papini, and G. Scarpetta, Annals of Phys. 332, 143 (2013).
[22] G. Lambiase, G. Papini, and G. Scarpetta, Phys. Lett. B 718, 998 (2013).
[23] F. Giacosa and G. Pagliara, Quant. Matt. 2, 54 (2013), arXiv: 1110.1669 [nucl-th].
[24] H. Lipkin, arXiv: 0805.0435 [hep-ph].
[25] H. Lipkin, arXiv: 0908.2039 [hep-ph].
[26] H. Lipkin, arXiv: 1003.4023v2 [hep-ph].
12
[27] A. G. Cohen, S. L. Glashow, and Z. Ligeti, Phys. Lett. B 678, 191 (2009).
[28] A. Merle, Phys. Rev. C 80, 054616 (2009).
[29] J. Wu et al., Phys. Rev. D 82, 045027 (2010).
[30] A. N. Ivanov and P. Kienle, arXiv: 1406.2450 [hep-ph].
[31] A. Donini and D. Meloni, Eur. Phys. J. C 22, 179 (2001).
[32] A. Donini et al., JHEP 12, 013 (2007).
[33] V. Barger et al., Phys. Rev. D 59, 113110 (1999).
[34] C. Giunti and M. Leveder, Phys. Rev. D 82, 053005 (2009).
[35] G. Mention et al., Phys. Rev. D 83, 073006 (2011).
[36] A. N. Ivanov et al., Phys. Rev. C 88, 055501 (2013).
[37] A. N. Ivanov, M. Pitschmann, and N. I. Troitskaya, Phys. Rev. D 88, 073002 (2013), arXiv:1212.0332v4 [hep-ph].
[38] B. Misra, E. C. G. Sudarshan, J. Math. Phys. 18, 756 (1977).
[39] C. B. Chiu, E. C. G. Sudarshan, B. Misra, Phys. Rev. D 16, 520 (1977).
[40] A. Peres, Phys. Rev. D 39, 2943 (1989).
[41] A. G. Kaufman and G. Kurizki, Phys. Rev. A 54, R3750 (1996).
[42] P. Facchi and S. Pascazio, Phys. Lett. B 241, 139 (1998).
[43] P. Facchi, H. Nakazato, and S. Pascazio, Phys. Rev. Lett. 86, 2699 (2001).
[44] K. Koshino and A. Shimizu, Phys. Rep. 412, 191 (2005).
[45] P. Facchi and S. Pascazio, J. Phys. A: Math. Theor. 41, 493001 (2008).
[46] H. Zheng, S. Y. Zhu, and M. S. Zubaury, Phys. Rev. Lett. 101, 200404 (2008).
[47] S. Bhattacharya and S. Roy, arXiv: 1209.0279v2 [quant-ph].
[48] S. Bhattacharya and S. Roy, Mod. Phys. Lett. B 27, 1350137 (2013).
[49] A. N. Ivanov et al., Phys. Rev. C 78, 025503 (2008), arXiv:0711.3184v2 [nucl-th].
[50] N. Winckler et al., Phys. Lett. B 679, 36 (2009).
[51] A. S. Davydov, in Quantum mechanics, Pergamon Press, Oxford, 1965.
[52] M. Faber et al., Phys. Rev. C 78, 061603 (2008).
[53] S. Bilenky, in Introduction to the Physics of Massive and Mixed Neutrinos, Lecture Notes in Physics 817, Springer, Berlin
Heidelberg, p.114 2010.
[54] M. Martini et al., Phys. Rev. D 87, 013009 (2013).
[55] M. Peshkin, arXiv: 1403.4292 [nucl-th].
[56] R. B. Firestone et al., in Table of Isotopes, Eighth Edition Vol.I, John Wiley & Sons, Inc, New York, 1996.
